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Abstract
We compute the dynamical relaxation times for chiral transport phenomena
in strongly coupled regime using the AdS/CFT correspondence. These relaxation
times can be a useful proxy for the dynamical time scale for achieving equilib-
rium spin-polarization of quasi-particles in the presence of magnetic field and fluid
vorticity. We identify the Kubo relations for these relaxation times and clarify
some previous issues regarding time-dependence of the Chiral Vortical Effect. We
study the consequences of imposing time-reversal invariance on parity-odd thermal
noise fluctuations that are related to chiral transport coefficients by the fluctuation-
dissipation relation. We find that time-reversal invariance dictates the equality
between some of the chiral transport coefficients as well as their relaxation times.
∗e-mail: sli72@uic.edu
†e-mail: hyee@uic.edu
ar
X
iv
:1
80
5.
04
05
7v
2 
 [h
ep
-th
]  
7 J
un
 20
18
1 Introduction
The anomalous transport phenomena arising from chiral anomaly that could be present
in the chiral-symmetry restored phase of quark-gluon plasma created in ultra-relativistic
heavy-ion collisions have attracted much attention recently (see the reviews [1, 2, 3, 4, 5, 6]
and the references therein). One such phenomenon, the Chiral Magnetic Effect (CME)
[7, 8] predicts a dipole charge separation [9, 10, 11, 12] which is proportional to the
magnetic field produced in off-central collisions along the direction perpendicular to the
reaction plane [13, 14, 15, 16, 17, 18], that could result in the observable charge depen-
dence of angular correlations of two charged pions [19, 20, 21, 22, 23]. A closely related
phenomenon, the Chiral Vortical Effect(CVE) [24, 25] may also induce additional separa-
tion of charged hadrons proportional to the vorticity or the kinetic angular momentum of
the plasma fireball [26, 27]. Both of these effects rely on the fluctuating chiral charge (or
axial charge) imbalance between the right-handed and the left-handed quarks that could
arise either from initial state fluctuations of color charge density [28] or from statistical
sphaleron transitions in the quark-gluon plasma [29, 30]. These effects also induce interest-
ing gapless propagating modes of chiral charges, the Chiral Magnetic Wave [31, 32], which
may induce a charge quadrupole moment proportional to the magnetic field [33, 34, 35].
To clearly disentangle the proposed signatures of these effects from the other sources
that constitute the background [36, 37, 38, 39, 40], the iso-bar heavy-ion collision exper-
iments comparing Rb and Zr that have 10% difference in the strength of magnetic field
are currently on-going in the Relativistic Heavy-Ion Collider at the Brookhaven National
laboratory [3, 41]. The evidence for the CME has been observed recently in the condensed
matter systems of Dirac[42] and Weyl[43, 44] semi-metals where quasi-electrons feature
similar concepts of chirality found in relativistic massless fermions.
In the limit of static and homogeneous magnetic field and vorticity, the magnitude of
the CME and the CVE conductivities defined by
Jµchiral = σBB
µ + σV ω
µ , Bµ ≡ 1
2
µναβuνFαβ , ω
µ ≡ µναβuν∇αuβ , (1.1)
is completely fixed by chiral anomaly. For the simplest case of a theory with one right-
1
handed chiral fermion species, we have∗
σB =
µ
4pi2
, σV =
µ2
8pi2
, (1.2)
where µ is the (chiral) chemical potential. For σV , there exists additional correction of
order T 2 where T is temperature, that is related to mixed chiral-gravitational anomaly [45,
46]. These results are topologically protected and not modified by interactions, which has
been confirmed in many different approaches, for instance, in weakly coupled perturbation
theory [47, 48, 49], the AdS/CFT correspondence [50, 51, 52, 53, 54, 55], hydrodynamics
with the second law of thermodynamics [56, 57, 58], effective field theories [59, 60, 61],
and the chiral kinetic theory [62, 63, 64, 65, 66, 67, 68, 69, 70, 71].
In out-of equilibrium conditions, these conductivities depend more on microscopic in-
teractions and generally deviate from their equilibrium values. The question of particular
interests is how these conductivities behave when the magnetic field and the vorticity is
time-dependent with a frequency ω:
Jµchiral(ω) = σB(ω)B
µ(ω) + σV (ω)ω
µ(ω) , (1.3)
The computation of the frequency dependence of the CME has been done both in weakly
coupled[47, 65, 72] and strongly coupled regimes [50, 73, 74], and the results are not
universal anymore. In the quasi-particle picture of these effects at weak coupling [72],
the results at finite frequency depend on the relaxation dynamics of spin polarization
of chiral fermions along the direction of magnetic field or vorticity, in addition to the
more topological effect from the Berry phase that is responsible for the equilibrium values
[62, 63, 64]. For example, there appears a new contribution to the current from spin
magnetization at finite frequency [72].
Another way of looking at this is that the frequency-momentum dependence of chi-
ral conductivities is related to the parity (P)-odd thermal noise fluctuations via the
fluctuation-dissipation theorem [75]. We will review this connection in more detail in
section 3 where we derive the general consequences on these chiral conductivities when
we impose the time-reversal (T) invariance of the theory on the P-odd thermal noise
fluctuations†. In the simplest case of current-current noise correlation, one derives the
∗For QCD with NF light flavors of Dirac quarks, the net current is a sum of left- and right-handed
currents both of which should be multiplied by NcNF and the chemical potentials are the chiral ones,
µL/R = µV ∓ µA. The effects for the left-handed currents carry the additional opposite sign compared
to those for the right-handed currents.
†Note that a right-handed Weyl fermion remains right-handed under time-reversal transformation
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fluctuation-dissipation relation
〈δJ i(k)δJ j(−k)〉 ≡ Gijrr(k) =
(
1
2
+ nB(ω)
)
ρij(k) , (1.4)
in terms of the spectral density ρij(k) ≡ Gijra(k) − Gijar(k) = Gijra(k) + (Gjira(k))∗ where
the last equality is a consequence of hermiticity of current operators (that is equivalent
to the real-valuedness of the retarded correlation function in coordinate space) and the
translational invariance of the system. Note that ρij(k) is a hermitian matrix in (i, j) but
needs not be real-valued. This hermiticity of ρij(k) together with translational invariance
is sufficient to guarantee that the noise correlation is real-valued in coordinate space as
it should be. Recalling that the retarded correlation function is GijR(k) = −iGijra(k), the
P-odd part of the retarded current correlation function
GijR(k) = iσ˜B(k)
ijlkl , (1.5)
that is responsible for frequency-momentum dependent chiral magnetic effect‡, gives a
P-odd contribution to the spectral density [75]
ρij(k) ∼ −2 Im[σ˜B(k)]iijlkl ≡ ρodd(k)iijlkl , (1.6)
in terms of a real-valued function ρodd(k) = −2 Im[σ˜B(k)]. The reality of retarded corre-
lation function in coordinate space gives a constraint σ˜B(k) = (σ˜B(−k))∗, which dictates
that
ρodd(−k) = −ρodd(k) , (1.7)
especially the P-odd spectral density vanishes in zero momentum limit. When k → 0,
we have ρodd(ω) = 2ξ5ω + · · · in small ω limit, where the transport coefficient ξ5 roughly
correspond to a second order correction to the CME [57, 76]§
JµCME = σBB
µ + ξ5(u · ∇)Bµ , (1.8)
and together with nB(ω) → Tω in (1.4) in ω  T , we have the P-odd thermal noise
fluctuations in hydrodynamics regime,
〈δJ i(x, t)δJ j(x′, t′)〉 = 2Tξ5ijk ∂
∂xk
δ(x− x′)δ(t− t′) . (1.9)
since helicity which is a product of momentum and spin is T-even. Without a CP-violating complex
phase, a chiral (gauge) theory is invariant under time reversal and CP.
‡As will be seen in section 2, this σ˜B(k), although related to, is not precisely equal to the conductivity
σB(ω) appearing in the constitutive relation (1.3) due to the energy-momentum shear-diffusion pole.
§This is not precise. The more precise such “Kubo relation” will be derived in section 2.
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Since the thermal noise spectrum in general should depend on real-time microscopic dy-
namics of thermal ensemble, they can’t be topological and should be non-universal. This
is consistent with the fact that the above P-odd spectral density is insensitive to the
topologically protected value of limk→0 limω→0 Re[σ˜B(k)] =
µ
4pi2
and only depends on the
non-universal part of Im[σ˜B(k)]. The ξ5 was computed in two-flavor perturbative QCD
in leading log as [48]
ξ5 ≈ − 0.5
α2s log(1/αs)
σB
T
. (1.10)
These frequency-dependent chiral conductivities are also important in any realistic
simulation of heavy-ion collisions in an attempt to quantify the effects from these anoma-
lous transport phenomena on the experimental observables [11, 12].
A useful characterization of frequency-dependent transport coefficients is the relax-
ation time defined by
σ(ω) = σ(0)(1 + iωτ) +O(ω2) , (1.11)
which is motivated from a simple relaxation time pole expanded in first order in ω,
σ(ω) = σ(0)
i/τ
ω + i/τ
, (1.12)
or equivalently, from a Israel-Stewart type treatment expanded in first order in time
derivative u · ∇,
(u ·∇)JµCME = −
1
τB
(JµCME−σBBµ) −→ JµCME = σBBµ−σBτB(u ·∇)Bµ+ · · · . (1.13)
We should note however that the real response of the system may not be simply given by
the Israel-Stewart form [77], and in that case the relaxation time defined as above should
instead be viewed as a characteristic dynamical time scale of the problem that appears in
second order hydrodynamics [78].
The full anomalous transport phenomena in the anomaly frame [58, 79, 80] or no-drag
frame [81, 82] consist of four transport coefficients in leading order of derivatives
T µνchiral = σ
B
 (B
µuν +Bνuµ) + σV (ω
µuν + ωνuµ) ,
Jµchiral = σBB
µ + σV ω
µ . (1.14)
The two additional transport coefficients, σ
B/V
 , are responsible for the anomalous energy-
flow or momentum density along the magnetic field and vorticity. Their values are also
fixed by chiral anomaly to be (up to temperature corrections) [79, 80]
σB =
µ2
8pi2
, σV =
µ3
6pi2
. (1.15)
4
We correspondingly introduce the four relaxation times in the next order in time deriva-
tive¶
T µνchiral = σ
B
 (B
µ − τB (u · ∇)Bµ)uν + σV (ωµ − τV (u · ∇)ωµ)uν + (µ↔ ν) ,
Jµchiral = σB(B
µ − τB(u · ∇)Bµ) + σV (ωµ − τV (u · ∇)ωµ) . (1.16)
In this work, we compute these relaxation times, (τ
B/V
 , τB/V ), in strongly coupled regime
using the AdS/CFT correspondence.
The dynamics of spin polarization that underlies the above relaxation times is more
general beyond the massless chiral limit and is applicable even for massive spinful particles
such as Lambda baryon. In theoretical understanding of recently measured Λ hyperon
spin polarization in off-central heavy-ion collisions at RHIC [83], it is vitally important
to know the dynamical time scale of this spin polarization, that is, the relaxation time it
takes to achieve the spins polarized in a finite fluid vorticity or magnetic field. Therefore,
by studying the relaxation times of the anomalous chiral transport phenomena in massless
chiral limit, we can get a useful proxy for this important time scale at the quark level
before the hadronization happens where the quark spin polarization is transferred to the
Λ hyperon spin polarization. This is another motivation we have in this study.
In section 3 we show that the time-reversal (T) invariance of a microscopic theory
imposed on the P-odd thermal noise fluctuations of momenta and currents requires
σB = σV , τ
B
 = τV . (1.17)
The first equality has been observed before in several different approaches [79, 80], but
its connection to the T-invariance seems novel. The second equality is our new finding.
We confirm this in our numerical computation in the AdS/CFT correspondence within
the numerical accuracy of our analysis.
The frequency dependence of the CVE was previously considered in Refs.[73, 74] in
both weakly and strongly coupled regimes. Writing the P-odd part of the retarded current-
momentum correlation function as
〈J i(k)T 0j(−k)〉R = iσ˜V (k)ijlkl , (1.18)
it was observed that σ˜V (k) in the hydrodynamic regime behaves as
σ˜V (k) =
(
σV − n
+ p
σV
ω
ω + iγηk2
)
iγηk
2
ω + iγηk2
, (1.19)
¶Using the equation of motion of ideal hydrodynamics and the Bianchi identity for field strength
tensor, one can replace the time derivative u · ∇ with spatial derivatives. But, this is equivalent up to
equations of motion, and does not affect the Kubo relations derived from the equation of motion.
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where n is the charge density and γη = η/( + p) is the shear-diffusion constant. The
physics behind the appearance of the shear-diffusion pole structure was also explained in
Ref.[74]: it is a consequence of the energy-momentum conservation Ward identity. From
this expression, it was observed that the retarded correlation function σ˜V (k) vanishes in
k → 0 limit for all ω 6= 0, while the strict ω = 0 limit reproduces the correct CVE
coefficient σV .
There is nothing wrong in these observations, but we point out that this retarded
correlation function, σ˜V (k), is not directly equal to the frequency-momentum dependent
transport coefficient, σV (k), appearing in the constitutive relations: σ˜V (k) 6= σV (k). One
way of seeing why these observations are not related to σV (ω) is that (1.19) is derived
from the constitutive relation at leading order, that is (1.14), without any relaxation time
or higher-order corrections in the constitutive relations. To extract the relaxation time
appearing in the transport coefficient σV (ω) from the retarded correlation function σ˜V (k),
we need to work with the constitutive relations at next leading order (1.16) including the
relaxation times to derive the correct Kubo relations between the relaxation time and the
correlation function σ˜V (k). We perform this exercise in section 2.
Our paper is organized as follows. In section 2 we derive the correct Kubo relations
between the relaxation times of chiral transport phenomena and the retarded correlation
functions of energy-momenta and currents. In section 3 we study the consequences of
imposing the time-reversal invariance on the P-odd thermal noise fluctuations that can be
obtained from the retarded correlation functions via the fluctuation-dissipation relation:
we find that T-invariance dictates τB = τV . We then proceed in section 4 to the numerical
computation of these relaxation times in the AdS/CFT correspondence. We conclude with
discussions in section 5.
2 Kubo relations for the relaxation times of chiral
transport phenomena
Hydrodynamics is an effective theory describing dynamics of a thermal system on large
length and time scales. The relevant degrees of freedom are the local velocity uµ(x)
(satisfying u · u = −1) and the local densities of conserved quantities such the energy
(x) and a charge n(x). The hydrodynamic equations of motion are given by the local
conservation laws ∇µT µν = 0, ∇µJµ = 0, together with constitutive relations which
express T µν and Jµ in terms of the local hydrodynamics variables themselves. These
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constitutive relations are organized by the number of spatial derivatives involved. The
lowest order is the ideal hydrodynamics, and the viscous corrections start to appear in
the first order of derivatives. In the case of a chiral fluid, new terms of chiral transport
phenomena proportional to fluid vorticity and external magnetic field must be present in
the constitutive relations in order to ensure the second law of the thermodynamics[56, 58]
T µν = (+ p)uµuν + pgµν + τµν + τµνchiral ,
Jµ = nuµ + νµ + νµchiral , (2.20)
where our metric is mostly positive, p = p(, n) is the pressure, and n is the charge density.
The viscous and chiral transport terms are
τµν = −η∆µα∆νβ(∇αuβ +∇βuα − 2
3
gαβ∇λuλ)− ζ∆µν∇λuλ ,
τµνchiral = σ
B
 (B
µ − τB (u · ∇)Bµ)uν + σV (ωµ − τV (u · ∇)ωµ)uν + (µ↔ ν) ,
νµ = −σT∆µ(µ/T ) + σEµ ,
νµchiral = σB(B
µ − τB(u · ∇)Bµ) + σV (ωµ − τV (u · ∇)ωµ) (2.21)
where we include only the relaxation time terms of our interest at the next leading order
in derivatives, since the other second order corrections do not interfere with the above
relaxation time terms in our final Kubo relations. Our notations are conventional, and
∆µ = (uµuν + gµν)∇ν ≡ ∆µν∇ν is the spatially projected derivative in local rest frame,
Eµ = F µνuν , B
µ = 1
2
µναβuνFαβ are the electromagnetic fields, and ω
µ = µναβuν∂αuβ is
the fluid vorticity. The σBτB is equivalent to one of the second order transport coefficients
−ξ5 studied in Refs.[57, 48]. The electric conductivity and charge diffusion terms pro-
portional to the conductivity σ will not affect our Kubo relations for the chiral transport
coefficients. In the presence of external background fields, the hydrodynamic equations
take the following form,
∇µT µν = F ναJα , ∇µJµ = CEµBµ , C = 1
4pi2
. (2.22)
In the “anomaly” [58, 79, 80] or “no-drag” [81] frame, the leading order chiral transport
coefficients are given by
σB = Cµ , σV = σ
B
 =
1
2
Cµ2 , σV =
2
3
Cµ3 , (2.23)
up to temperature corrections which are related to the mixed chiral-gravitational anomaly
[45, 46, 59]. One can also choose to work in the Landau frame [56] where one removes
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the chiral transports in the energy-momentum tensor by redefining the fluid velocity as
uµ = uµLF −
1
+ p
(
σB (B
µ − τB (u · ∇)Bµ) + σV (ωµ − τV (u · ∇)ωµ)
)
. (2.24)
Note that this upsets the naive counting of derivative expansions. This will then shifts
the transport coefficients σB/V and τB/V appearing in ν
µ
chiral in the Landau frame as
σLFB/V = σB/V −
n
+ p
σB/V , τ
LF
B/V = τB/V −
n
+ p
τB/V . (2.25)
Recall that these two “frames” (or any other frame) are different descriptions of the
same system : a change of variables. Any final physics results, such as the retarded
correlation functions of operators or the spectrum of thermal fluctuations, should be the
same independent of the choice of frames, provided we used the correct relations (2.25)
between the transport coefficients appearing in different frames. Note that the fluid
velocity is not such a physics result: it is a descriptive variable. While we will work in the
anomaly/no-drag frame in the following, the same retarded correlation functions and the
Kubo relations are reproduced in the Landau frame as well. In checking this explicitly, it
is necessary to keep the induced second-order term in the Landau frame coming from the
shear viscosity term when we make the shift in fluid velocity (2.24);
− η
+ p
∆µα∆νβ
(
σB ∇αBβ + σV ∇αωβ + (α↔ β)− trace
)
. (2.26)
The necessity of this higher order term in showing the equivalence between the two frames
was observed in Ref.[84], and the basic reason is a violation of derivative counting in (2.24).
To obtain the Kubo relations for these chiral transport coefficients [73, 80], we con-
sider small fluctuations of metric and gauge field, (hµν , Aµ) in the background of static
equilibrium plasma in flat spacetime. Furthermore, we restrict ourselves to the effects
that are linear in these fluctuations hµν and Aµ. These fluctuations will drive the fluid
away from equilibrium, which is described by the fluid velocity uµ = (1, ui(t,x)) (valid to
linear order in ui) as well as δ and δn, that are determined by solving the hydrodynamics
equation of motion. For our purpose, it is enough to switch on just (htx(t, y), htz(t, y))
and (Ax(t, y), Az(t, y)) which depend only on (t, y). In the frequency-momentum Fourier
space of e−iωt+iky, the constitutive relations that are linear in the fluctuations become
T tt = + δ ,
T ti = (+ p)ui + phti − σB (1 + iωτB )ijk∂jAk − σV (1 + iωτV )ijk∂j(uk + htk) ,
T ij = (p+ c2sδ)δ
ij − η(∂iuj + ∂jui − 2
3
δij∂ku
k) ,
J i = nui − σB(1 + iωτB)ijk∂jAk − σV (1 + iωτV )ijk∂j(uk + htk) , (2.27)
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where cs is the speed of sound. For the sake of simplicity, we drop the bulk viscosity ζ.
The relevant hydrodynamic equations of motion from the energy-momentum conservation
become
∂tδ+ (0 + P0)∂iu
i = 0 ,
(+ p)∂tu
i + c2s∂iδ− η(∂2ui + ∂j∂iuj −
2
3
∂i∂ku
k)− σB (1 + iωτB )ijk∂t∂jAk
−σV (1 + iωτV )ijk∂t∂j(uk + htk) = −(+ p)∂thti − n∂tAi , (2.28)
from which we can solve for the velocity, the energy density and the charge density
fluctuations,
δ = 0 , δn = 0 ,
ux =
−htzσV (1 + iωτV )iωk iγηk
2
+p
+ htxω(ω + iγηk
2) + Axω
n
+p
(ω + iγηk
2)
−(ω + iγηk2)2
+
Az
iωk
+p
(σB (1 + iωσ
B
 )(ω + iγηk
2)− n
+p
ωσV (1 + iωτ
V
 ))
(ω + iγηk2)2
,
uz =
+htxσ
V
 (1 + iωτ
V
 )iωk
iγηk2
+p
+ htzω(ω + iγηk
2) + Azω
n
+p
(ω + iγηk
2)
−(ω + iγηk2)2
− Ax
iωk
+p
(σB (1 + iωσ
B
 )(ω + iγηk
2)− n
+p
ωσV (1 + iωτ
V
 ))
(ω + iγηk2)2
. (2.29)
Inserting these back into the constitutive relations, we obtain the induced energy-momentum
tensor and the currents that are linear in the fluctuating background (hµν , Aµ). The re-
tarded two point functions of the energy-momenta and currents can then be obtained by
differentiating these with respect to the metric and gauge field fluctuations (hµν , Aµ).
This computation for the P-odd parts of the energy-momenta and currents retarded
correlation functions is a small extension of what has already been done in Ref.[74], now
including the relaxation time terms at next leading order. Writing
〈J i(k)J j(−k)〉R = iσ˜B(k)ijlkl , 〈J i(k)T 0j(−k)〉R = iσ˜V (k)ijlkl ,
〈T 0i(k)J j(−k)〉R = iσ˜B (k)ijlkl , 〈T 0i(k)T 0j(−k)〉R = iσ˜V (k)ijlkl , (2.30)
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we finally obtain the retarded correlation functions including the relaxation times
σ˜B(k) = σB(1 + iωτB)− n
+ p
(
σB (1 + iωτ
B
 ) + σV (1 + iωτV )
− σV (1 + iωτV )
n
+ p
ω
ω + iγηk2
)
ω
ω + iγηk2
,
σ˜V (k) =
(
σV (1 + iωτV )− n
+ p
σV (1 + iωτ
V
 )
ω
ω + iγηk2
)
iγηk
2
ω + iγηk2
,
σ˜B (k) =
(
σB (1 + iωτ
B
 )−
n
+ p
σV (1 + iωτ
V
 )
ω
ω + iγηk2
)
iγηk
2
ω + iγηk2
,
σ˜V (k) = σ
V
 (1 + iωτ
V
 )
−γ2ηk4
(ω + iγηk2)2
, (2.31)
where γη = η/(+ p) is the shear diffusion constant. The appearance of shear-diffusion
poles in the above retarded correlation functions was explained in Ref.[74] and is due to
the energy-momentum Ward identity. In the zero frequency limit, all four chiral transport
coefficients decouple from each other, and these give the correct Kubo relations for the
leading order chiral transport coefficients, (σB/V , σ
B/V
 ). On the other hand, in the other
limit of k→ 0 with ω 6= 0, the 〈JT 〉R, 〈TJ〉R and 〈TT 〉R correlators all vanish due to the
diffusion pole structure. To extract the relaxation times (τB/V , τ
B/V
 ) from these retarded
correlation functions, it is clear that these diffusion pole structures must be stripped off
first before taking appropriate k → 0 limit and looking at the remaining linear term in
ω. For example, the Kubo relation for the relaxation time τV can be
τV = −
1
σV
lim
ω→0
1
ω
lim
k→0
Im
[
(ω + iγηk
2)2
−γ2ηk4
σ˜V (k)
]
, (2.32)
and we can write down the Kubo relations for other relaxation times:
τV =
1
σV
lim
ω→0
1
ω
lim
k→0
Im
[
ω + iγηk
2
iγηk2
σ˜V (k) +
n
+ p
σV (1 + iωτ
V
 )
ω
ω + iγηk2
]
,(2.33)
and similar expressions for τB and τB. Practically, we compute τ
V
 first and use it in
the Kubo relations for the (τV , τ
B
 ) to compute them, and finally compute τB. For these
Kubo relations, we need to know γη = η/(+p) precisely, and fortunately in the AdS/CFT
correspondence we can easily achieve this due to the Kovtun-Son-Starinets result on the
shear viscosity [85], η = s/4pi, that allows us to compute γη precisely. Our numerical
study in the AdS/CFT correspondence that will be described in more detail in section 4
shows that these Kubo relations can be successfully used to extract the relaxation times
of chiral transport phenomena.
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3 Consequences of time-reversal (T) invariance
In this section, we would like to derive some interesting consequences of having time-
reversal (T) invariance in the microscopic theory. The T-invariance is quite generic in
typical chiral (gauge) theories, since a T- (or equivalently CP-) violation could only arise
from a non-removable complex phase in the Lagrangian, which is not easy to have in gen-
eral. Recall that the chirality (or helicity) that comes from a spin-momentum alignment
remains invariant under T-transformation. The ensemble with a finite chiral chemical po-
tential does not violate T explicitly, since chiral charge and chemical potential are T-even
quantities. The chiral anomaly ∂µJ
µ = CE · B is also consistent with T-symmetry as
the both sides are T-odd. We would like to impose the T-invariance of the microscopic
theory on the random noise fluctuations around equilibrium a la Onsager, whose strength
is related to the spectral density via fluctuation-dissipation relation. In turn, the spectral
density is obtained from transport coefficients in hydrodynamics regime, and this gives
T-invariance constraints on the transport coefficients. We will follow this line of steps
for the P-odd thermal noise fluctuations, the P-odd spectral densities, and the chiral
transport coefficients of our interests. The importance of T-invariance in chiral transport
phenomena was previously emphasized in Ref.[57].
Let us first review the general consequences of T-invariance on the random noise
fluctuations of hermitian operators Oˆa :
〈δOa(t1)δOb(t2)〉 ≡ 〈Oar (t1)Obr(t2)〉 =
1
Z
Tr
(
e−β(Hˆ−µNˆ)
1
2
{Oˆa(t1), Oˆb(t2)}
)
. (3.34)
The hatted objects are the quantum operators, and the objects without hat are the
field variables in the Schwinger-Keldysh path integral. We use the “ra”-notation where
r = 1
2
(1 + 2) and a = (1 − 2) with (1, 2) meaning the two contours of forward and
backward times. Also, Z = Tr(e−β(Hˆ−µNˆ)), the anti-commutator is {Aˆ, Bˆ} = AˆBˆ + BˆAˆ,
and Oˆ(t) = eiHˆtOˆe−iHˆt. Using the hermiticity of Oˆa, it is easy to see that the fluctuation
correlation functions are real-valued
〈Oar (t1)Obr(t2)〉∗ = 〈Oar (t1)Obr(t2)〉 . (3.35)
The T-invariance of the theory means that the hamiltonian is invariant under complex
conjugation up to a unitary transformation‖
Hˆ∗ = Uˆ †HˆUˆ . (3.36)
‖The notion of complex conjugation of an operator depends on the basis of states. This ambiguity is
taken care of by additional unitary transformation Uˆ .
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Each physical operator is also assigned a well-defined T-parity,
Uˆ(Oˆa)∗Uˆ † = τaOˆa , τa = ±1 . (3.37)
For example, it is intuitively clear that the momentum density Tˆ 0i and the charge currents
Jˆ i should have T-parity τ = −1, while the charge density Nˆ has T-parity τ = +1. From
the above two equations it is easy to derive
Uˆ(Oˆa(t))∗Uˆ † = τaOˆa(−t) . (3.38)
By taking complex conjugation of (3.34) and using the fact that it is real (3.35), we have
〈Oar (t1)Obr(t2)〉 = 〈Oar (t1)Obr(t2)〉∗ =
1
Z
Tr
(
e−β(Hˆ
∗−µNˆ∗)1
2
{(Oˆa(t1))∗, (Oˆb(t2))∗}
)
= τaτb
1
Z
Tr
(
e−β(Hˆ−µNˆ)
1
2
{Oˆa(−t1), Oˆb(−t2)}
)
= τaτb〈Oar (−t1)Obr(−t2)〉 ,
(3.39)
where we use (3.36) and (3.38) in going from the first line to the second. In terms of the
frequency space correlation function defined by
Gabrr(ω) =
∫ ∞
−∞
dt eiωt 〈Oar (t)Obr(0)〉 , (3.40)
the T-invariance requires that
Gabrr(−ω) = τaτbGabrr(ω) . (3.41)
We next consider the fluctuation-dissipation relation that can be proved in general by
Lehmann-type representation
Gabrr(ω) =
(
1
2
+ nB(ω)
)(
Gabra(ω)−Gabar(ω)
)
, (3.42)
where the retarded correlation function is related to the “ra”-correlation function by
GabR = −iGabra. Up to this point, the indices (a, b) could label the space position x of
the operators, but let us make the space position of the operators more explicit in the
following, and (a, b) refer only to the operator species. We then introduce the Fourier
momentum space by
Gabra(ω,k) ≡ Gabra(k) =
∫
d3x e−ik·xGabra(ω,x) , (3.43)
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and the above relations (3.41) and (3.42) hold true in the Fourier momentum space as well.
Note our notation k = (ω,k). The retarded correlations function in time and position
coordinates can easily be shown to be real-valued as they should:
GabR (t,x) = −iθ(t)
1
Z
Tr
(
eβ(Hˆ−µNˆ)[Oˆa(t,x), Oˆb(0)]
)
. (3.44)
This implies in the Fourier space, GabR (−k) = (GabR (k))∗, which is equivalent to
Gabra(−k) = −(Gabra(k))∗ . (3.45)
From the definition, we have
Gabra(t,x) = 〈Oar (t,x)Oba(0)〉 = 〈Oar (0)Oba(−t,−x)〉 = 〈Oba(−t,−x)Oar (0)〉 = Gbaar(−t,−x) ,
(3.46)
where we use the translation invariance in space-time in the second equality. In the
Fourier space, this translates to
Gabar(k) = G
ba
ra(−k) = −(Gbara(k))∗ . (3.47)
where the last equality comes from (3.45). Using this result, the fluctuation-dissipation
relation (3.42) becomes
Gabrr(k) =
(
1
2
+ nB(ω)
)(
Gabra(k) + (G
ba
ra(k))
∗) ≡ (1
2
+ nB(ω)
)
ρab(k) , (3.48)
with the spectral density ρab(k) that is a hermitian matrix in terms of the indices (a, b).
Note that the spectral density can have an imaginary part when it is anti-symmetric in
(a, b). Indeed, this is what happens for the P-odd spectral functions arising from the P-
odd retarded correlation functions of chiral transport phenomena [75]. This is consistent
with the fact that the fluctuation correlation functions in space-time coordinates Gabrr(t,x)
is real-valued. In terms of the retarded correlation functions, the spectral density is given
by
ρab(k) = i
(
GabR (k)− (GbaR (k))∗
)
. (3.49)
The T-invariance constraint (3.41) and the relation (3.48) gives the constraint on the
spectral density. Since (
1
2
+ nB(−ω)
)
= −
(
1
2
+ nB(ω)
)
, (3.50)
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we have the T-invariance constraint
ρab(−ω,k) = −τaτbρab(ω,k) , (3.51)
which in turn gives the constraints on the retarded correlation functions via (3.49).
We are now ready to apply this to the P-odd retarded correlation functions (2.30) that
we obtained in the hydrodynamics regime in the previous section. The interesting case is
when Oa = J i and Ob = T 0j, both of which have T-parity τ = 1. From (2.30) we have
GabR (k) = iσ˜V (k)
ijlkl , GbaR (k) = −iσ˜B (k)ijlkl , (3.52)
which gives
ρab(k) =
(−σ˜V (k) + (σ˜B (k))∗) ijlkl , (3.53)
and we have the T-invariance constraint
σ˜V (ω,k)− (σ˜B (ω,k))∗ = −σ˜V (−ω,k) + (σ˜B (−ω,k))∗ . (3.54)
Using the expression (2.31) of σ˜V (k) and σ˜
B
 (k) in the hydrodynamics regime, a short
algebra results in the constraint
(σV (1 + iωτV )− σB (1 + iωτB ))
1
ω + iγηk2
= (σV (1− iωτV )− σB (1− iωτB ))
1
ω − iγηk2 ,
(3.55)
which should be satisfied for arbitrary frequency and momentum. This is true if and only
if the following T-invariance constraints are met
σV = σ
B
 , τV = τ
B
 . (3.56)
Our numerical computation in the AdS/CFT correspondence in the next section confirms
these relations.
We can obtain a stronger version of T-invariance constraint using rotational invariance
which tells that
σ˜V (k) = σ˜V (ω, |k|) , σ˜B (k) = σ˜B (ω, |k|) . (3.57)
The reality of retarded correlation functions in coordinate space dictates
σ˜V (−k) = (σ˜V (k))∗ , σ˜B (−k) =
(
σ˜B (k)
)∗
, (3.58)
and together with (3.57), the T-invariance constraint (3.54) becomes
Re [σ˜V (ω, |k|)] = Re
[
σ˜B (ω, |k|)
]
. (3.59)
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The Kramers-Kronig dispersion relation of retarded correlation functions due to causality
then implies that the imaginary parts of σ˜V (k) and σ˜
B
 (k) are the same as well, and hence
we finally arrive at the T-invariance constraint
σ˜V (k) = σ˜
B
 (k) , (3.60)
which is valid even beyond the hydrodynamics regime.
We close this section with a short digression to Weyl semi-metals. In these materials
the origin of pseudo-chiral massless dispersion relation for left-handed and right-handed
quasi particles are separated in the Bloch momentum space. Since the chirality is T-even
while the momentum flips sign under T, this separation in momentum space breaks T-
invariance. It would be therefore consistent to have σV 6= σB in these condensed matter
systems. It seems that this is indeed the case [86]∗∗.
4 Relaxation times of chiral transport phenomena in
the AdS/CFT correspondence
In this section we take a minimal version of holographic model in the AdS/CFT correspon-
dence, where the chiral anomaly manifests as a 5-dimensional Chern-Simons term of the
holographic gauge field that corresponds to the U(1)R chiral symmetry of a right-handed
chiral fermion. The 5-dimensional action is
S =
1
16piG
∫
d5x
√−g
(
R + 12− 1
4
FABF
AB +
κ
3
MNPQRAMFNPFQR
)
, (4.61)
where the Chern-Simons coefficient κ should be κ = G/(2pi) to match the chiral anomaly
for a single right-handed Weyl fermion. The FMN = ∇MAN −∇NAM is the field strength
of the U(1) gauge field AM (capital letters run for 5-dimensional coordinates, and the
greek letters for 4-dimensional coordinates). This theory is T-invariant††.
The corresponding equations of motion are,
GAB − 6gAB + 1
2
FACF
C
B +
1
8
gABF
2 = 0 ,
∇BFBA + κAMNCDFMNFCD = 0 , (4.62)
∗∗We thank Karl Landsteiner for pointing this out to us.
††Under T-transformation, the spatial components of gauge field are odd while the time component is
even, as can be inferred from their coupling to the charge current.
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where gAB is the metric, GAB = RAB − 12gABR is the five dimensional Einstein tensor.
The equations of motion allow an exact charged black-brane solution, which describes a
finite temperature plasma with non-zero chemical potential µ,
ds2 = r2(−f(r)dt2 + d~x2) + 1
r2f(r)
dr2 , At = −µr
2
H
r2
, (4.63)
where f(r) = 1− m
r4
+ q
2
r6
is the blackening factor, and rH is the horizon where f(rH) = 0.
The parameter q is related to the chemical potential by
√
3q = µr2H , and the Hawking
temperature is T =
r2Hf
′(rH)
4pi
. The equation of state of this fluid is
p(T, µ) =
m(T, µ)
16piG
, (4.64)
and all other thermodynamic quantities are derived from the pressure. For our purpose,
we need
γη =
η
+ p
=
1
4pi
s
+ p
=
1
4pi
(∂p/∂T )µ
T (∂p/∂T )µ + µ(∂p/∂µ)T
=
1
16pi
(∂p/∂T )µ
p
, (4.65)
where the last equality is from conformal nature p = T 4p¯(T/µ) or  = 3p.
From here on, we follow the convention and notation in Ref.[74] in our subsequent
analysis. Using the scale invariance of the theory, we choose the black hole horizon radius
rH to be unity, and measure all other quantities in dimensionless units by dividing with
appropriate powers of rH . For example, the dimensionless quantities satisfy
m = 1 + q2 , q2 =
µ2
3
, T =
2m− 3q2
2pi
. (4.66)
These relations allow us to characterize the plasma by a single dimensionless number, but
we should keep in mind that the truly meaningful dimensionless parameter of the confor-
mal plasma is T/µ. Likewise, the meaningful value of the relaxation times in conformal
theory is only given by the dimensionless number in unit of inverse temperature, τT . In
the holographic description, the computation of the two-point retarded correlation func-
tions amounts to doing variation of the on-shell action up to second order in fluctuations
of the values of the gauge field and the metric at the AdS boundary r → ∞. Writing
the fluctuations from the above background solution as AM(r, t, ~x) = A
(0)
M (r) + aM(r, t, ~x)
and gMN(r, t, ~x) = g
(0)
MN(r) + hMN(r, t, ~x), one solves the equations of motion for the fluc-
tuations (aM , hMN) with the in-falling boundary condition at the horizon. The boundary
values at r →∞ are fixed and they correspond to the sources coupled to the U(1) current
and the energy-momentum operators in the field theory side. By taking variations of the
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on-shell action with respect to these sources, we read off the retarded correlation func-
tions. Since we are interested in computing the chiral transport coefficients arising from
the P-odd correlation functions, it turns out to be enough to focus only on the shear sec-
tor, that is, we turn on only the following fluctuation components that are arranged in the
single column vector ΦT = (ax, h
x
t , h
x
y , az, h
z
t , h
z
y) that only depend on (t, y) coordinates.
By using coordinate re-parametrization invariance and gauge invariance, one can fix the
gauge by ar = hrM = 0. The resulting linearized equation of motions in the Fourier space
of e−iωt+iky read as
a′′i (u) +
f ′(u)
f(u)
a′i(u) +
1
4uf 2(u)
(ω2 − f(u)k2)ai(u)− µ
f(u)
h′it (u) +
4ikκijµaj(u)
f(u)
= 0 ,
h′′it (u)−
h′it (u)
u
− 1
4uf(u)
(k2hit(u) + ωkh
i
y(u))− uµa′i(u) = 0 ,
h′′iy (u) + (
f ′(u)
f(u)
− 1
u
)h′iy (u) +
1
4uf 2(u)
(ω2hiy(u) + ωkh
i
t(u)) = 0 ,
(4.67)
with the constraint equations
ωh′it (u) + kf(u)h
′i
y (u)− uωµai(u) = 0 , (4.68)
where we use the new radial coordinate u = 1
r2
, and (i, j) runs over x and z. Arranging
the boundary sources at u→ 0 (r →∞) into a column vector
φ(0) = {a(0)x , h(0)xt , h(0)xy , a0z, h(0)zt , h(0)zy }T , (4.69)
the solution of the equation of motion can be written in a matrix form
ΦI(u) = F IJ (k, u)φ
(0)J ≡ F (k, u) · φ(0) , (4.70)
where (I, J) runs over the six components of the column vectors we introduce in the
above.
Following Ref.[74], we can compute the F (k, u) matrix using any set of six linearly
independent solutions, {Φi(k, u)} (i = 1, . . . 6). Note that each Φi(k, u) is a column vector.
A general solution of Φ(u) is a linear combination of {Φi(k, u)}:
Φ(u) =
6∑
i=1
ciΦ
i(k, u) ≡ [Φi(k, u)] · c , (4.71)
17
where c is the column vector of ci’s, and [Φ
i(k, u)] in the above expression is a matrix
whose (I, i) element is the I’th element of the column vector Φi(k, u). The constant ci’s
are determined by matching the boundary condition at u→ 0 as
φ(0) = [Φi(k, 0)] · c , (4.72)
which can be solved by
c = ([Φi(k, 0)])−1 · φ(0) , (4.73)
and we have
Φ(u) = [Φi(k, u)] · c = [Φi(k, u)] · [Φi(k, 0)]−1 · φ(0) , (4.74)
which gives the F matrix as
F (k, u) = [Φi(k, u)] · [Φi(k, 0)]−1 . (4.75)
In terms of the above solution of the equation of motion, the holographic renormalized
action up to second order in fluctuations is given by
δS(2) =
∫
d4k
(2pi)4
(
ΦT (−k) · A · Φ′(k) + ΦT (−k) ·BΦ(k)) ∣∣∣∣
u→0
, (4.76)
where the derivative is along the radial direction, and the matrix A is
A =
1
16piG
Diag
(
f(u),−1
u
,
f(u)
u
, f(u),−1
u
,
f(u)
u
)
. (4.77)
The matrix B is the counter term from the holographic renormalization, but its com-
ponents vanish for our P-odd correlation functions. From these, one can read off the
retarded correlation functions as
GR = −2 lim
u→0
(A · (F (k, u))′ +B) . (4.78)
With all these ingredients at hand, the numerical computation of the retarded correla-
tion functions can be done. In the zero frequency limit, the leading order chiral transport
coefficients are reproduced
σB =
κ
2piG
µ , σV = σ
B
 =
1
2
κ
2piG
µ2 , σV =
2
3
κ
2piG
µ3 . (4.79)
It is more difficult to solve the coupled second order differential equations of motion at
non-zero frequency. The system of our differential equations presents a regular singularity
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Figure 1: The real (red) and imaginary (blue) parts of σ˜B(k) with 2piT/µ = 95 when
|k| = 0.1 as a function of frequency.
at u = 1, and the Frobenius method tells us that we can isolate the singular part and the
rest part has a regular series expansion around u = 1. Out of two possible singular parts,
we select the one corresponding to the in-falling boundary condition as
ai(u) = (1− u)−iω/(4piT )bi(u) ,
hit(u) = (1− u)−iω/(4piT )+1H it(u) ,
hiy(u) = (1− u)−iω/(4piT )+1H iy(u) , (4.80)
where (bi, H it,y) have regular power series expansion around u = 1,
bi(u) =
∑
n=0
bin(1− u)n ,
H it(u) =
∑
n=0
H itn(1− u)n ,
H iy(u) =
∑
n=0
H iyn(1− u)n . (4.81)
The equations of motion determine all these series coefficients in terms of the boundary
values at u = 1, that is, the six initial coefficients {bi0, H it0, H iy0}. For example, {bi(u =
1)′ = −bi1, H it(u = 1)′ = −H it1, H iy(u = 1)′ = −H iy1} are given in terms of these six initial
data. This gives us six linearly independent solutions Φi(k, u) that we need. Using these
information, one can start the numerical solution of the second order differential equation
slightly away from the horizon singularity u = 1+ with  1, which ensures a numerical
stability. One subtlety is that we have six second order differential equations (4.67) and
two constraints (4.68), which tells us that the six functions (bi, H it,y) are not independent
of each other. The two constraints fix the metric fluctuation H iy0 at the horizon in terms
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Figure 2: The real (red) and imaginary (blue) parts of σ˜V (k) with 2piT/µ = 95 when
|k| = 0.1 as a function of frequency.
of bi0 and H
i
t0 as
H iy0 =
3(4piT i+ ω)
k(µ2 − 6) H
i
t0 +
12ipiTµ
k(µ2 − 6)b
i
0 . (4.82)
Due to this constraint, we can find only four linearly independent solutions. The remaining
two can be trivially constructed from the gauge transformations as done in Ref.[74].
In Figure 1 we show the numerical evaluation of the retarded correlation function σ˜B(k)
with |k| = 0.1 as a function of frequency ω with the value of 2piT/µ = 95 corresponding
to experimentally relevant values of T = 160 MeV and µ = 10 MeV. A similar result
has been previously computed in Refs.[50, 74]. In Figure 2 we plot σ˜V (k) with the same
parameters. As observed previously in Ref.[74], this σ˜V (k) gets highly suppressed for
small k due to the shear diffusion pole structure.
However, once we strip off the diffusion pole structure as described in the section 2,
the resulting quantity
σV (ω) ≡ lim
k→0
(
ω + iγηk
2
iγηk2
σ˜V (k) +
n
+ p
σV (1 + iωτ
V
 )
ω
ω + iγηk2
)
, (4.83)
has the expected dependence in small, but a finite ω: especially, the imaginary part is
linear in ω with a nice finite slope that is identified as the relaxation time τV . This,
together with the similar quantities σ
B/V
 (ω) that are obtained after stripping off the
diffusion pole structures, are shown in Figure 3. These quantities can safely be called the
frequency-dependent chiral transport coefficients that appear in the constitutive relations
of the chiral transport phenomena.
In Figure 4, we plot the extracted relaxation times of the chiral transport phenomena,
τB/V and τ
B/V
 , as a function of the dimensionless parameter 2piT/µ. Up to our numerical
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Figure 3: The frequency-dependent chiral transport coefficients that are obtained by
appropriately removing the shear diffusion pole structures from the retarded correlation
functions. Red and blue curves the real and the imaginary parts respectively.
uncertainty, the result confirms our expectation of τV = τ
B
 dictated by T-invariance.
5 Conclusion
In this work, we compute the dynamical time scale of chiral transport phenomena, that
characterizes how fast an off-equilibrium condition relaxes to the equilibrium configuration
that is dictated by chiral anomaly, in the strongly coupled regime using the AdS/CFT
correspondence. The microscopic dynamics responsible for these relaxation to equilibrium
is closely related to the dynamics of spin alignment of quasi-particles in weakly coupled
regime. Although we compute these relaxation times in the strongly coupled regime using
the AdS/CFT correspondence, our result should be a useful proxy for this important time
scale in the real QCD plasma.
More practically, our relaxation times can be used in a Israel-Stewart type treatment of
the chiral transport phenomena in realistic hydrodynamics simulations of time-dependent
background of the relativistic heavy-ion collisions. We clarify some issues related to
the time-dependent Chiral Vortical Effect, by identifying correct Kubo relations for the
relaxation times of chiral transport coefficients. With our Kubo relations, the relaxation
times for all chiral transport phenomena, including the Chiral Vortical Effect, are finite
and well-defined. This should be the case, since the underlying microscopic dynamics
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Figure 4: The numerical result for the relaxation times of chiral transport phenomena as
a function of τ = 2piT
µ
.
of Chiral Vortical Effect is the dynamics of spin-polarization that must have a finite
dynamical time scale to achieve the equilibrium configuration.
We also find interesting consequences of imposing time-reversal invariance on the P-
odd thermal noise fluctuation correlation functions, that are related to chiral transport
coefficients via fluctuation-dissipation relation. Especially we find τV = τ
B
 which is
confirmed in our numerical computation in the AdS/CFT correspondence. Our discussion
also sheds a light on the origin of the previously observed equality σV = σ
B
 in terms of
time-reversal invariance.
The relaxation times that we consider in this work are examples of second order chiral
transport coefficients. It would be interesting to compute these and the other second
order chiral transport coefficients in weakly coupled regime in perturbative QCD, as was
done in Ref.[48] for τB.
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